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LIST OF SYMBOLS
a concentration ratio Cp/C
A cross-sectional area
Az, Ay major and minor aJ(es of concentration contours, see

Figures 5.1,5.2
b channel width
C concentration
C fully mixed concentration
C* non-dimensional concentration C/C
Cp peak concentration
Cm minimum detectable concentration
D molecular diffusion coefficient
Dx, Dy, Dz dispersion coefficient in x, y aîd z directions
Do, D, dispersion coefficient in unstratified and stratified flow
d channel mean depth
Ex, Ey, Ez turbulent diffusion coefficient in x, y and z directions
g acceleration of gravity
K von Kármán's constant (= 0.4)
k non-dimensional length of advective zone = LRu*/b2U
L length of advective zone
q mass inflow rate
R hydraulic radius
Rx flux rate
Rt Richardson number
S channel çlope
/ time
tg, t¡ t2 times when certain events occur at sites xo, xl, xz
ttyt uyt u7 velocity in x, y and z directions
U cross section average velocity in x direction
u* shear velocity : \é'RF
W total mass input
x, !, z distance in longitudinal, vertical and tranverse

directions
x*, !*, z* non-dimensional distances

x ¡n distance to attain complete vertical or transverse mixing
xO, xl, x2, !0, zO location of sites

xp* location of peak concentration
xs, ls maximum length and width in which concentration

exceeds a specified levelP density
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1.0 INTRODUCTION

1.1 Scope of this handbook

description. There are, however, a number of semi-empirical techniques which can be used

io-u"äfyr. particular iroblems. It is the intention of this handbook to summarise simple

ir"ftniqi.r ior predicting rates of mixing in rivers and to facilitate preliminary estimates of
the impact of effluents on water quality.

Preliminary estimates may be sufficient to indicate whether or not
adverse effeõt on water quality, or they may indicate that furth
experimental or theoretical, is justified. Fig rre 1.1 summarises the
type of information required.- 

This handbook deais only with problems that can be solved conveniently using

nomographs, programmable calculators or at most a small mini-computer. Large numerical

modeli aie noì dõscribed because it is felt that these should not be employed in making a
preliminary estimate of the impact of an effluent on water quality.

1.2 Mechanisms causing mixing in rivers

When material (hereinafter referred to as tracer for convenience) is discharged into a river
two things happen to it. Firstly, it is carried away from the outfall by the current, a process

which iJ termed advection; and secondly, it spreads out, a process which is termed
dispersion.

In stagnant water and laminar flow, spreading is attributable to molecular motion and is

called "molecular diffusion". The net transfer of tracer from a region of high concentration
to a region of lower concentration proceeds at a rate proportional to the concentration
gradient between the two regions. This is "Fick's Law" which in one dimension can be

written mathematically

Rx: -D#
where Rx : transfer rate per unit area in the x direction, C : concentration, dC/dx :
gradient-in the x direction, and D : molecular diffusion coefficient, a constant.

In turbulent and non-uniform flow spreading proceeds at a much higher rate than in
laminar flow. The reason for this is that velocity gradients act to increase concentration
gradients and hence allow molecular diffusion to occur more rapidly. This is illustrated in
fig. 1.2. Such spreading is termed "dispersion" to distinguish it from "molecular
diffusion". Strictly dispersion is still a molecular process but turbulence and velocity
gradients greatly increase local concentration gradients and hence increase the rate at which
tracer spreads.

In many situations the rate of dispersion can be approximated by Fick's Law. However,
the value of D may be several orders of magnitude larger than for molecular diffusion and is

highly variable. The variability arises partly because the size and intensity of turbulent eddies

máy vary considerably with position in the river channel, with changes in flow or location,
and ftom one channel to another. For example the rate of dispersion can be expected to be

smaller very close to the river bed (where velocity and intensity of turbulence may be small)

than at mid depth. Also as the size of the tracer patch being investigated increases, the
velocity gradients may change and larger eddies may become involved in mixing. Thus very
close to ãn outfall the rate of dispersibn can be expected to be smaller than it is further
downstream.

1.3 Reducing the complexity of the problem

In the most general problem advection and dispersion will occur in each of the three co-

ordinate directions, and the governing equations will be comparatively complex.
In many practical problems, however, the analysis can be simplified by neglecting terms

which are small. This can be done: if any of the velocities is small, if any of the



ô

iå,-ett
-.t
EI

=

Þ
-l¡rg,
ge*
Þ
-EI
Ee
-cÞ

¡¡
-E
t¡

-{:g

-

Pt fft

t=0 t= t¡
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concentration gradients is small because the tracer is far enough downstream from the
outfall for the presence of channel boundaries to be felt, or if the nature of the discharge
means that any concentration gradient is small.

In studying rivers lile can make the following simplifications. Clearly vertical and lateral
average velocities are small. Many rivers are wide but shallow, and tracer becomes well-
mixed vertically before it becomes well-mixed transversely. Similarly tracer often becomes
well-mixed transversely before it becomes well-mixed longitudinally. This means that
vertical, transverse, and longitudinal mixing can sometimes be considered as separate one-
dimensional problems. At other times longitudinal mixing can be neglected and the problem
becomes two-dimensional in the vertical and transverse directions. Table l.l summarises the
characteristics of various problems in ¡iver dispersion, and Fig. 1.3 illustrates three types of
river dispersion problem.

1.4 Summary
(a) Tracer movement in a river comprises advection and dispersion.
(b) Advection is the net result of averaged velocities.
(c) Dispersion is the net result of molecular diffusion and non-uniformities in velocity.
(d) In many circumstances dispersion can be modelled approximately using Fick's Law.
(e) Although the general dispersion problem is three-dimensional, simplifications can

sometimes be made to reduce the complexity of the problem.
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T¡ble 1.1 Summary of important dispersion problems in rivers and terms required to study them
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NOTES:

(l) co-ordinate directions are shown in Fig. 1.3
(2) near field : very close to the outfall, mid field =

moderately and fa¡ field = some considerable dis-
tarice away

(3) 4 4" 4 are dispersion coefficients and U :
mean velocity (see equations 2.12 and 3.9 in text)

(4) on a very small scale, ¡ z advection may be
present in the prototype

(5) concentration is constant (fully mixed)
(6) the dimensionality c¿n be reduoed by one if the co-

ordinate system used travels downstream at mean
velocity

ê¡
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2.0 VERTICAL MIXING

2.1 Mechanisms causing vertical mixing
In channels with no secondary circulations, the principal mechanism causing vertical

mixing is turbulence generated by velocity shear. Theoretical work by Elder (I959)lndicates
that in such channels the dispersion coefficient varies parabolically with deptir, anã depends
on both depth and shear velocity.

DyO) =l (r - v
d ) xa"* (2.r)

(2.3)

where Dy : veftical dispersion coefficient, d : depth of flow, K = von Kármán,s constant(: 0.4), and u* : shear velocity = t@ where S : channel slope. This form has been
confirmed in laboratory and field studies. For many practical problems the depth average is
used (Fischer 1973).

Dy : 0.067 d u* e.2)
Vertical secondary circulations can be expected to increase the rate of vertical mixing in

natural channels. Few data are available to quantify their effect, but it appears that
0.067 < Dr/d u* < 0.33

Table 2.1 summarises some reported values of Dr.
Tabte 2.1 Reported vertical dispersion coefficiénts

Reference Channel Dy Dr/du*
cm2.s-l

Dt/du

Elder (1959)

Fischer (1973)
Fischer (1976)
Fischer (1976)
Fischer (1976)

theoretical analysis

laboratory flume
James Estuary
Kennebec Estuary
Mersey River

iú - í)*
0.067(r)

_ 
,9 x lO-¿trr

50-650
5-77G)
500 (4)

NOTES: (l) depth mean value

Ø augmented by wind induced surface waves
(3) measured in stratified flow
(4) estimated for non-stratified flow

2.2 Effects of density stratification
In tidal channels density stratification often occurs with saline (more dense) water

underlying fresh (less dense) water. In such stratification vertical water movement is
suppressed by the density gradient and the coefficient of vertical dispersion is greatly
reduced. Our understanding of the processes involved is poor and it is difficult to makê
accurate predictions of vertical mixing rates in stratified flow. The method outlined below
must, therefore, be regarded as approximate.

The "strength" of the stratification is quantified by the non-dimensional gradient
Richardson number, Rf, which is the ratio

potential energy requi¡ed for mixing
kinetic energy available to cause mixing

Ri=g (2.4',)

where I : acceleration of gravity, p(g) : density, u(l) = longitudinal velocity ând y =
depth.

The two gradients in equation 2.4 can be estimated satisfactorily from the slopes of
straight lines fitted to density and velocity versus depth profiles measured in the field. In a
tidal channel it is desirable to calculate average values ofthe gradients over the tidal period
from, say, hourly measurements (see worked example 2.6.6).

t2

o

fiÁfi)"



An empirical relationship used to quantify the reduction in dispersion coefficient is
Ds: DoQ + a n¡u (2.s',)

where D" and Do : v€rtical dispersion coefficient in stratified and unstratified flow respect-
ively and a and ä : constants estimated variously as shown inTable 2.2,

Talble 2.2 Coefficients describing the effects of stratification on the vertical dispersion
coefficient (after Fischer 1976)

3.33
0.276

- 1.50
- 2.00

These models differ considerably at high Richardson numbers, (i.e. in highly stratifJ
flow), but they indicate that vertical dispersion coefficients a¡e reduced by a factor of 2-10
at Ri : I and 15-200 at Ri : 10. Clearly, therefore, the methods outlined here should only
be used to make preliminary estimates of vertical mixing in stratified flow and field tests
together with more detailed modelling should be undertaken to confirm findings.

2.3 Vertical mixing downstream from a steady uniform transverse line-source

The first problem considered is to predict tracer concentrations downstream from a steady
uniform transverse line-source such as a perforated pipe which extends across the entire
channel width. In this problem transverse concentration gradients are negligible because of
the uniform line-source. Longitudinal gradients are also negligible because the source is
steady. Thus the problem simplifies to become quasi one-dimensional (see Table 1.1). Since
the analysis is only approximate, the velocity and dispersion coefficient are taken to be
uniform over the depth as a rough approximation to turbulent flow. This simplification
means that concentration estimates below outfalls on the river bed may be poorly estimated
as explained below.

Figure 2.1 shows lines of equal concentration downstream from transverse line sources
located at three different depths. Variables are expressed in non-dimensional form so that
many combinations of parameters appear on the same graph.

where C*, !* and x* : non-dimensional concentration, vertical displacement and
downstream displacement respectively, C : concentration, C : fully mixed concentration,
(/ : m€ârl velocity, Du : depth averaged vertical dispersion coefficient, d : river depth
(the mean depth shoulã be used here if the channel is irregular), b : river width and q :
tracer mass inflow rate. The bed and water surface are located at y* - 0 and y* : 1 but the
problem is symmetrical in y since the flow velocity is assumed uniform.

Clearly

C*=C/C:CUbd/q
Y* : Y/d
x* : xDy/Ud'z

0(y*(1
and

C*:L
a long way below the outfall. The regions to the left of the
contain any tracer, while in the region to the right of the C*

(2.6)
(2.7)
(2.8)

(2.e)

(2.10)

e - 0.001 contour do not: l.0l and 0.99 contours the
tracer is fully mixed.

Figure 2.la may overestimate the rate of dispersion downstream from an outfall on the
bed of a rough natural channel for the following reasons:

(i) the velocity very closè to a boundary is small and hence concentrations will be higher
locally than expected;

(iÐ the value of the dispérsion coefficient may be quite low very close to the boundary
because the scale and intdnsity of turbulence are small (see equation 2.1);

(iii) irregularities in the bed, "dead zones", trap tracer and cause locally high,
concentrations.

l3
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It is suggested that in order to make a preliminary estimate of mixing in this situation the

cross-sect-íõn average velocity be used fir U but a very conservative estimate of dispersion

coefficient be seleõted (say l-1090 of the depth average value) for Dr. Ideally these

pieliminary estimates shòulã be checked by fîeld tests or more sophisticated modelling (see

worked example 2.6.7).
From Fig. 2.lc it can be seen that complete mixing is attained within a distance

x,n s 0.1 Udz/Dy Q'll)
downs cated at mid-depth (Shen 1973). Vertical mixing occurs more

slowly at the bed or on the surface because tracer cannot disperse

across Fig.2.la mixing is attained within a distance

xm È 0.4 Ud2/Dy QJz)
downstream from an outfa[ on the bed or at the surface (Shen 1973). As noted earlier low

.i¡"g rates may be encountered near the bed and a conservative estimate of. D, should be

used in equation 2.12.-figure 
).1 ulro indicates the length and width of tracer plume in which concentrations

.*c.ãd a specified level (see Section 2.6 for worked examples)'

2.4 Vertical mixing downstream from a steady point source

A more complex problem is to predict concentrations downstream from a steady point
source such as a single port outlet. Clea¡ly both transverse and vertical dispersion are

important close to the outfall although longitudinal disperson can be neglected if the source

is jteady (Holly lg75). Thus the problem becomes quasi two-dimensional (see Table 1.1).

threé-dimensional.cigar shaped surfaces of equal concentration are encountered below a

point source. It is .tr.ruily sufhcient when studying vertical mixing, however, to consider

èontours of equal conceniration on a vertical (x-y) plane which passes through the outfall.
Figure 2.2 shóws such contours for point sources located at three depths. The outfall is
loðated near the middle of a channel with an aspect ratio, b/d, of 50. The ratio of
transverse/vertical dispersion coefficients is taken as 3, a value commonly found in rivers
(see Section 3). The non-dimensional variables defined in equations 2.6 to 2.8 are used

àgain. Here, úo*euet, d should be taken as the depth near the outfall if the channel is

irregular.
A-s was noted earlier, a low rate of dispersion occurs nea¡ boundaries and a conservative

estimate of D, should be used in Fig. 2.2a for an outfall on the river bed.

Clearly higúer concentrations are found immediately below a point-source than below a

line-souice of the same total output. However, tracer becomes vertically well-mixed at much

the same distance below point and line sources, and equations 2.11 and 2.12 still apply.
Thereafter, transverse miiing dominates and eventually mixes tracer throughout the river
channel.

If the outlet is located at either bank the theory indicates that concentrations are exactly

twice those shown in Fig. 2.2 with the exception of the C* : 1.01 contour which moves

slightly to the right (seJequations 3.8 and 3.9). This does not affect the distance within
wÈich-complete vertical mixing is attained. In practice, however, the rate of dispersion near

a boundary is low and a consèrvative estimate of D, (say l-1090 of the average) should be

used.
Figure 2.2 canbe used to determine the length and width of plumes in which concentra-

tions exceed a specified level.

2.5 Vertical mixing below a steady multi'point source

Figures 2.1 and 2.2 arc valid for outfalls at a particular depth but in some cases effluent
.uyi. released over a finite depth via a diffuser. This problem can be solved with the

infórmation presented earlier. It is assumed that the outfall comprises several point sources.

Concentration contours are then determined for each point soufce separately using Fig. 2.1 '

and 2.2. Finally concentrations are added to produce the concentration contours for the

multlpoint source (see Section 2.6 for a worked example).

t7
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2.6 Worked examples
Assume a channel with

depth d = lm
width b = lOm
slope S : lO-a
velocity U = lm.s-r

Then shear velocity ¿+ : (9.81 x I x l0-a)% = 0.0313 m.s-'.

Example 2.6.1 Select values of vertical dispersion coefficient assuming the channel is
(a) man-made, smooth and uniform
(b) natural but fairly uniform
(c) irregular

From equation 2.3 (a) Dy : 0.067du+ : 20 cm2.s-'
(b) Dy : O.lSdu+ = 50 cm2.s-'
(c) Dy - O.33du* = l0O cm'.s-'

Exømple 2.6.2 Taking Dþ : 20 cm2.s-', determine the distance downstream from the
outfall required for complete mixing for

(i) a point source, and
(ii) a transverse line source

located at (a) the surface
(b) mid-depth

(i) Point source (a) From equation 2,12 x^ : O. Uû/Dy: 200 m
(b) From equation 2.ll x. : 0.1 (Jd2/Dy : 50

(ä) Line source The results from (i) apply.

Example 2.6.3 For an outfall at the surface with mass flow 20 g.s-' determine
(i) total length, xo and
(ii) maximum spread, y",

of the plume in which concentrations exceed 10 g.m-3.
Consider two cases:

(a) a transverse line source, and
(b) a point source

Take Dt : 20 cm2.s-'.

Fully mixed concentration C : q/Udb : ?-Ù/lxlxl0 : 2g.m-r.
Then from equation 2,6, C : 5,

(a) Line source
(i) From Fig, 2.1a, the C:r : 5 contour extends a ma¡rimum distance of x, Dr/Uû : 0.014

downstream. Thus xs : 6.9 m.
(ii) From Fig.2.la the maximum spread of the C! : 5 contour is yr/d = 0.10. Thus y" :
0.1 m.
(b) Point source

From Fie.2.2a (i) xrDr/Ud2 : 2.L3 rs : 1100 m
(iÐ !s/d: I /":lm

Example 2.6.4 Repeat example 2.6.3 for an outfall at mid-depth.
(a) Line source

FromFig.2.lc (i) xt Dr/Ud2 = 0.003 rs : 1.5 m
(ä) yt/d: 0.1 ./s = 0.1 m

(b) Point source
From Fig.2.2c (i) xs Dy1Ud2 : 2.13 rs : 1100 m

(ä) yt/d: 1.0 /s = I m

2t



Emmple 2.6.5 For a discharge of mass flow 20 g.s-' from
(i) a line source at mid-depth, and
(ii) a plate diffuser between 0.4 and 0.6 m depth stretching across the entire channel

width,
compare the length x" and spread /s of plumes in which concentrations exceed

(a) 4 g.m-3
(b) I g.m-3

Take D, = 20 cm2.s-¡.
Fully mixed concentration C = 2 g.m-t
ThusforC:4g.m-tC+=2
andfor C:89.m-tC*=4

(i) Transverse line source
From Fig. 2.lc
(a) x" DttUaz = 0.020 )ß : lOm ls = 0.24 m
(b) xs Dy/Ud2 = 0.005 4 = 2.5m ls : O.l2 m

(ä) Plate diffuser
Approximate concentration contours can be estimated assuming two point sources,
each with mass flow rate l0 g.s-', location at y : 0.45 and y = 0.55 m.
Concentrations are found by tracing two sets of contours from Fig. 2.lc as shown in
Fig.2.3a and combining them to give Fig. 2.3b. Then
(a) qt DrtUd2 : 0.018 16 : 9m h : 0.26 m
(b) x" Dy/Ud2 : 0.0O4 h : 2m -/s : 0.16 m

NOTE: Predictions could be improved slightly by assuming three point sources each with
mass flow rate6.67 g.s{located àty :0.433,.t : 0.50 andy = 0.567 m, artd
superposing three sets of contours. They could be improved still further assuming
four point sources, and so on. In practice there is little point in combining more
than five sets of contours.

XD,

udt
Figure 2.3 Concentration contours downstream from a multi-point source, exarirple 2.6.5.

Ð

(a) separate
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Example 2.6.6 If the test channel is tidal with velocity and salinity gradients over one tidal
cycle estimated from field measurements as shown in Fig. 2.4, estimate how quickly tracer
released at mid-depth becomes fully mixed.
From Fig.2.4 the average values over the tidal cycle are

l_ 0P = ZPoy
4 : g.g5
ay

\
\ þ=

o9l

òoql- 
=oy

p=

e,

o-
o,o

#= oz

H= z r 1?4 =Z; = 1l PÒY

É,

E
CL
o,o

òu-,Ì-- L
0y

l::] )#='
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(Uo

*= o.z
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E
E
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o,o

1
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or' 101
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Figure

0 2 t+ 6I
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Velocity and salinity profiles, example 2.6.6
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From equation 2.4

*, _9.81x2 _ r,
(0.85)'

Then from equation 2.5, using coeffTcients a = 0.276 b : -2.00

a = 1, *ffiu * urr o'28 cm''s-'

From equation 2.1I
xs = 0.1 Ud/\ = 3600 m

(compare with example 2.6.2).

Exomple 2.6.7 For the channel in example 2.6.3 estimate
(a) total length, and
(b) width of the plume

in which concentration exceeds 200 g.m-3 for an outfall at the river bed with mass flow
20 g.s-'. _

Q = q/Udb : 2 g.m-' Cti = 100
Previously Dy : 20 cm2.-r. To account for reduced dispersion near the bed take 4 = O.Z -
2 cm2.s-t.

(a) From Fig. 2.2a, the C* : 100 contour has total length

#: o'o5o

Thus for Dy = 0.2 cm2.s-', xs = 2500 m
Dy : 2.0 cm2.s-r, & : 250 m

(Note fot Dy = 20 cm2.s-¡, & : 25 m)
(b) From Fig.2.2a, the Ct : l0O contour has ma¡rimum width

ls
T = o'zs

Thus Y" = 0.25 m

f
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3.0 TRANSVERSE MIXING

3.1 Mechanisms causing transverse mixing
The rate of transverse mixing in rivers is determined by two processes: turbulent mixing

and transverse secondary currents.
When turbulent mixing dominates and the scale of turbulence is controlled by*the depth,

the dispersion coeffîcient is proportional to depth and shear velocity (Fischer 1973\. Because

larger length scales of turbulence are involved (because larger eddies can develop in the
transverse direction than in the vertical direction) D" is greater than Dy by a factor of
between 2 and 3 (see Table 2.1 and 3.1). Laboratory studies indicate that for tracers

0.08 < Dr/d u+ < 0.18 average 0.15 (3.1)

where Dz : transverse dispersion coefficient, d : depth and u* : shear velocity. D.
decreases with depth in much the same manner as mean velocity (Fischer 1973).

In straight natural channels the rate of transverse dispersion is higher than in equation 3.1

because the thalweg tends to meander and hence induce secondary currents. It appears that
in such channels (Fischer 1973)

0.23 < Dr/d u* <0.25 (3.2)

Bends and changes in channel cross-section result in stronger transverse circulations which
increase transverse mixing rates (Fischer 1973)

0.25 < Dr/d u* 11.6 (3 .3)

Table 3.1 Reported transverse dispersion coefficients

Refer-
ence Channel
(see

note)

u

cm.s-t

4

cm2.s-t

D"

bu*

xl0'

Dz

ctu*

2
2
2
2
1

J
4
2
2
5

2
6
6
7
5

5

5

8

2
2
5

straight
laboratory
channels

slnuous
laboratory
channels
straight canal
V/aal canal
Ijssel canal
Fraser estuary
Cordova estuary
Gironde estuary
San Francisco Bay
Waikato River
Missouri River
Columbia River
Delaware River

1.3-5.0
9.7
4.0-6.5
15.8
1.2
L5-37
7.3-t0.2
t.5-22
4.t-lt.l
t2-13

0.3-0.6
t.2
t.2
0.69
0.36
2.38
0.80
0.85-r.l
1.1
0.60 

_

0.90-2.8
0.60
t.t-2.1
5.2
1.6
3.8-6.0
0.83-1.21
1.4-5.1
t.9-4.0
3.0-16.3

6. r-6.3
5.9
7.8
2.7-7.0

o.33-t4
0.92
0.86-1.6
6.6
0.31
9.6-36.9
0.9-t.2
0.&-7.5
1.1-3.6
3.7-36

t02
1180-1s80
1600

0.11-0.26
0.16
0. l5-0.18
0.08
0.16
0.174.18
0.1 l-0.13
o.09-o.u
0.14-0.16
0.10-0.18
o.5r-2.4
0.62-1.2
0.66-1.7
0.24-0.25
0.43-0.57
0.51

2.7-16.2
12.9
4.8-8.1
r8.3
5.3
tr-26
r2.2-t3.8
3,5-21.4
4.8-16.4
2t-38.3

9
7.6-LO.2
29.2
6.9-t 1.9

s.0-16.7
8.1
7.0

67-68
470
400
1040

18.3
265
70

-1000 3200-4800 0.M-r.61
- 0.42
- 1.0
- 1.0

300-1000 0.18-0.60
1200 0.6t*
1860 0.70
10000 1.2

280 100 6.0
210 2N 7.4
300 300 8.8

**10 on sharp bends

Lau & Krishnappan (1917)
Fischer (1973)
Prych (1970)
Miller & Richardson (1974)

Fischer (1976)
Holley & Abraham (1973)
Ward (1976)
Rutherford et al. (1980)

I
2
3
4

5

6
7
8
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Laboratory data in sinuous channels fit (Fischer 1973)

Dr= ö.zs -AU3
K5Rzu+

where R : radius of curvature, and K = vofi Kármán,s constant ( = 0.4). In very rough
channels, secondary currents may be destroyed and D, reduced. Table 3.1 summariseia
number of published data.

In both laboratory and natural channels, D"td u* increases with aspect ratio b/d (Fischer
1973). This indicates that transverse dispersion is affected by secondary currents whose
importance depends on channel width. In rivers the transverse dispersion coefficient may,
therefore, be more closely related to width and shear velocity than to depth and sheái
velocity (Lau & Krishnappan 1977). Figure 3.1 summarises published data oñ this basis.

o Straighl Iaboratory channels
o River channels

0.03

ff*oo'

aa
aaaa

7

1.. 
o

) 2 .o?o
ttt

Figure 3.1 Reported transverse dispersion coefficients (references to published data are given in Table 3.1).

3.2 Effects of density stratific¡tion
As discussed in Section 2 the effect of density stratification, such as may be encountered

in a tidal channel, is to suppress vertical mixing. Meteorological observations indicate that
stratification in the atmosphere reduces trânsverse dispersion as well. In non-uniform
stratified flow, however, tidal changes in level may induce transverse density currents which
increase transverse dispersion @ischer 1976r. Thus, at present, it is not posiible to quantify
the effects of stratification on lateral dispersion and it must be neglected.

3.3 Effects of non-neutrally buoyent effluents
When a non-neutrally buoyant effluent is discharged into a channel it either sinks or rises,

and in so doing, induces transverse secondary ci¡culations. These secondary circulationé
increase the rate of transverse mixing in the immediate vicinity of the outfail. Gradually,
26

(3.4)
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a
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howev_er, mixing spreads the effluent uniformly over the depth, the driving force of the
secondary circulation diminishes, and the transverse dispersion coefficient approaches that
for a non-neutrally buoyant effluent.

This process has been quantified in laboratory channels (Prych 1970) and it appears that
the increase in spreading rate is greater for a buoyant than for a heavy effluent. Transverse
dispersion coefficients 2-4 times that for a neutrally buoyant effluent were observed within a
distance 0 ( x( lO-2Ob of the outfall.

3.4 Transverse mixing downstream from ¡ point source
An important practical problem is to predict how quickly a tracer mixes transversely

downstream from an outfall. Although very close to the outfall both vertical and transverse
dispersion occur and the problem is two-dimensional, in most rivers tracer quickly becomes

Thus transverse mixing in rivers can normally be coniidered as quasi
Table l.l). In this simplified analysis velocity and disperlion

d uniform across the ct annel as an approximation to turbulent flow.
Figure 3.2 shows concentrations in the horizontal plane (x-e) downstream from steady

point sources located at three points across the channel. The non-dimensional variables used
in this figure are

C-*:C/C:CUbd/q
z+ : z/b
x* : x Dz/Ub2

See equations 2.6 to 2.8 for a description of these variables.
As discussed in Section 2.3, the rate of dispersion is low close to a boundary. Thus Fig.

3.2a should only be- used to give a preliminary estimate of concentrations and a very
conservative value of D" should be employed (say l-1090 of the cross-section mean value)-.
This preliminary estimate should be checked using field tests and more sophisticatód
modelling.

Figures 2.1 and 3.2 are identical except for slightly different non-dimensional variables
(see equations 2.6 to 2.8). By analogy with equations 2.11 and2.l2 effluent becomes well-
mixed across the channel within a distance

(3 .s)
(3.6)
(3.7)

(3.8)

(3.e)

xm È 0.1 ubz/Dz
of an outfall in mid-channel (Shen 1973) and within

xm = 0.4 ub2/Dz
of an outfall at either bank (Shen 1973). As discussed above the rate of dispersion is low
close to a boundary and a conservative estimate of D. should be used in equãtion 3.9.

Figure 3.2 can be used to determine the length and width of a plume in which
concentrations are above a specified level.

3.5 lVorked examples

consider the same channel as in section 2.6, viz depth = I rr, width : l0 m, mean
velocity = I m.s-', shear velocity = 3.1 cm.s-r.

Example 3.5.1 Select transverse dispersion coefficients assuming the channel is
(i) straight but rough
(ii) a fairly straight natural river channel
(iii) sinuous with radius of curvature 100
(i) From equation 3.1 Dz : 0.15 dtt* = 50 cm2.s-'

Also from Fig. 3.1 for b/d = 10,
D"/bu* : O.Ol2 - 0.020 for straight smooth channels

and thus Dz : 37-62 cm2.s-'
(ii) From equation 3.2 Dz: 0.24 dur - 75 cm2.s-'
(iii) From equation 3.3 Dz : 0.25 - 1.6 du+ = 75-500 cm2.s-r

Also from equation 3.4 Dz : 800 cm2.s-l
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Example 3.5.2 Estimate how far downstream from an outfall
(a) at either bank, and
(b) in mid-channel

a tracer becomes well-mixed transversely. Take Dz = 200 cmz.s-r.

(a) To account for reduced mixing near the bank take Dz = 2-?Ð cm2.s-r. Then from
equation 3.9

xm = 0.4 Ubz/Dz
FotD"= 2 Xm=2q0km
ForD"=lP Xm= Z)km

(b) Take Dz = ?.00 cm2.s-rin this case, then from equation 3.8
xm = 0.1 Uü/Dz = 0.5 f:m

Example 3.5.3 For an outfall located 2.5 m from one bank, with mass flow rate of
20 g.s-', estimate

(a) how far downstream concentrations exceed 5 g.m-3, and
(b) over how much of the channel such concentrations spread.

Take D, = 2OO cm2.s-'.
FullymixedconcentrationC = q/Udb = ?ß/lxlxl0 = 2g.m-3
Thus for C : 5 g.m-3 C = 2.5, from equation 3.5

From Fig. 3.2b
(a) x" Dz/Ub2 = 0.012 rß : 60 m
(b) A/b : 0.20 k: 2m

Example 3.5.4 Repeat example 3.5.3 for a buoyant effluent released from the river bed.
From Section 3.3, take D" three times higher than previously within x : 100 m of the
outfall.
From Figure 3.3b

(a) q' Dz/Ub2 = 0.012 & = 20 m
(b) as before zo/b : 0.20 4s = 2m

Example 3.5.5 For an outfall with mass flow rate 10 g.s-', compare the length, xr, and zd,

of plumes in which concentrations exceed
(i) 2 g.m-3
(ii) 4 g.m-3

in the case of
(a) a point source located at mid-depth
(b) adiffuserpipebetween z = 4andz = 6mfromthebank.

Take D, = 800 cm2.s-r
Fully mixed concentration C = lOllxlxl0 = I g.m-'
From equation 3.5
(i)forC:2g.m-3 C=2
(ii) for C :4 g.m-3 C = 4

(a) From Fig. 3.2c
(i) xsDz/Ub2 - 0.020* & = 25m zolb =0.7A* 4=2.4m
(ä) xsDz/Ub2 - 0.005* & = 6.3 m klb = O.l2- zs = l,2m

(b) The problem is simila¡ to example 2.5, Section 2.6.
Figure 2.3 can be used to obtain the solution.
(i\ x6Dz/Ub2 = Q.913+ )cs = 23m klb = 0.26- 4 = 2.6m
(ä) x"Dr/Ub2 : Q.(fi+ ¡6 = 5 m z6/b = 0.16* ?e ='1.6 m
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4.0 LONGITUDINAL DISPERS¡ION

4.1 Mech¡nisms causing longitudinal dispersion
Longitudinal dispersion is the spreading of tracer along the a:ris of flow. It results in the

attenuation of peak concentrations, as illustrated in Fig. 4.1. Longitudinal dispersion is
largely the result of non-uniformities of velocity in the channel cross-iection (Fiscirer lg73).
These transport material downstream faster in the main stream than near the banks and beá,
thereby causing the cross-section mean concentration to spread longitudinally (see Fig. 4.2)'.
Vertical and transverse dispersion counteract the effects of velocity gradienls.

CODE SITE

a

¡
a

o

A
B

c
D

E
F

56
TIME ( HRS)

Figure 4.1 Longitudinal dispersi,on of dye in the \Vaikato River (after Rutherford et ol. lgSO).

f>0 t>> 0

Figurc 4.2 The effect of transverse velocity gradients

4,2 Mathematic¡l model for tongitudinal dispersion
ln the immediate vicinity of an outfall, longitudinal dispersion must be described by

complex models in two or three dimensions. Some way downstream, however, a simplei
one-dimensional Fickian model can be used

tt

130

110

90

?
(9

z
9
F-

É
Fz
IJJ
(J
zo
O
tJl

o

where Dx : longitudinal dispersion coeffïcient. Equation 4.1 does not apply within the
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Variance

tog (peak concentration)

0

0utf att
101 Distance, x

+
ADVECTIVE

ZONE

ICKIAN
MODEL

INVALID

TAYLOR PERIOO

FICKIAN MODEL VALID

EQUATION II-.11 APPLIES

EOUATION (4.2) VALID

Figure 4.3 How variance and peak concentration change with distance below a point discharge.

"advective zone" (see Fig. 4.3). The length of this zone (Fischer 1973) is

L=k b2 UIR u* Ø.2)

where k = constant with values given in Table 4.1, b = channel width, (/ : flt€âtl velocity,

R : hydraulic radius and ui = shea¡ velocity.
A wide range of values of D, has been measured in rivers and laboratory channels. Part of

this variation may be attributable to me¿Nurements being made in the "advective zone"
where D, is not constant, but much of the variation reflects real differences between

channels-iesulting from differences in channel geometry, turbulent diffusion rates and'dead-

zones.

T¡ble 4.1 Length of the advective zone for various types of channel, k : LRu*/b2U

non-uniform
large "dead-zonest' 

(t)
uniform

smooth(')
non-uniform

smooth(r)

point source
mid-channel

0.5 (3 )_1.1 (.) l-4tst

point source
near bank

1.0(3)_2.5(4) 5_15(5) 135-340(5)

NOTES: (l)
(2)

(3)
(4)
(5)

no t'dead-zones"

"dead-zones" are zohes where the water iS nearly stagnant, e.g., Under roCkS, in hOles, behind
obstacles etc.
Fischer (1973)
Chatwin (192)
extrapolated from line source data of Valentine (198)
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4.3 Longitudinal mixing below an instant¡neous point source
For an instantaneous point injection into a uniform channel, concentrations can be

predicted (Fischer 1973) from

mass discha¡ged at.tr = 0, / : 0. Strictly
I : length of the advective zone (see
advective zone. However, it provides an

ven moderately close to the outfall, although D¡
will vary with distance from the outfall (normally decreasing) and the shape of tn. profiteî
may be considerably less symmetrical than predicted.

At a specified time after release, f, equation 4.3 indicates that the concentration versus
distance profile is bell-shaped and symmetrical.

The peak concentration is

1=WA\@
and occurs at

xo=Ut
Concentrations exceed Co/a, where all, over a distance

xs= 4t/Drtn6¡

At a specified distance from the outfall, x, however, the concentration versus time profile
is not symmetrical. The peak concentration occurs at

(4.3)

(4.4)

(4.5)

(4.6)

Dx
tp= -E +

F7I 
-+-J (J4 u'z

(4.7)

slightly earlier than implied by equation 4.5. The peak concentration can be calculated by
substituting the result of equation 4.7 into e luation 4.3.

Figure 4.4 shows the times at which various concentrations occur at specified locations.
The non-dimensional variables used are

C*=

.rl =

cA Dx

WU
xU
Dx

(4.8)

(4.e)

(4.10)
ttP

ttt= 

-
Dx

Figure 4.4a indicates how much earlier than the mean travel time, x/(1, concentrations
first reach C* while Fig. 4.4b indicates how much later than tle mêan travel time
concentrations drop below C+.

. By comparing the lengths of vertical lines drawn through a particular value of ¡i to a
given Ct contour in Fig. 4.4a and 4.4b it can be seen that cõncentration versus time profiles
are markedly asymmetrical. The degree of asymmetry decreases as x* increases buì never
entirely vanishes.

The peak concentration at a specified site, x*, can be deduced from the largest value of Ct
on a vertical line passing through.r*.

4.4 Longitudinal mixing below a 'me-varying point source
For preliminary analysis of a problem in longitudinal dispèrsion, knowledge of the fully-

mixed concentration and the behaviour of an instantaneous point discñarge is oftén
sufficient.
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T¡blc 4.2 Summary of reported longitudinal dispersion coefficients
(a) FIELD STUDIES

b
nì

d
cm

Refer-
enco

Channel'

depth width shear discharge
velocity

uaa
uut.s ¡ mt.s-t

dispersion
coefficient

4 Dy/du'
m¡.s-'

I Yuma Mesa A Canal
I Chicago Ship Canal
I River Derwent
2 Monocacy River

I Green-Duwamish Rv
2 Concite River

1,2 Clinch River

2 Antietam Creek

2 Elkhorn River

I Powell River
1,2 Copper Creek

1,2 Coachella Canal
3 Lucas Creek
10 Fraser Estuary
2 Bayou Anacoco

2 Muddy Creek

2 John Day

I Sacramento River
I South Platte River
2 Amite River

4 Manawatu River
2 White River
2 Chattahoochee Rv
5 Waikato River

average
2 Nooksack River

2 Sabine River, Texas
2 Sabine Rive¡

2 Wind/Bighorn Rv

2 Susquehanna River
2 Yadkin

9 Mississippi

1,2 Missouri River

36.6 6.9s42.4 6.92
25 l0

54.7 67 4.Q 12.8
lr3 65.5 7.58 30
200-300 70-130 5.4-5.8 160

100

&
86

98.5 35

- 3.45 _

48.8 l.9l
- 14.0

35 4.35 2.4
36.5 5.t2 5.247.6 7.18 18.4
20 4.9
t2.5 4.42 t.0
15.9 5.61 2.4
36 4.9 6.8
47 6.7 9.2
53 tO.1 5lû 10.4 85

1s.9 6.16 2.0
19.8 7.lt 4.4
u.4 8.32 8.9
33 4.& 4.3
50.9 4.68 10.0
34 5.5 4.0
t6 8.0 l.519 11.6 13.7
t6 8.0 1.5l8 10.0 8.5
2A 4.3 26.9

- 2.7-7.0
19.8 4.51 2.4
25.9 6.78 8.2
36.6 6.72 13.5
t3.4 8.ll 4.0
19.s 9.88 10.6
u r4.0 r4.2
34 l8.l 69

- 5.1

- 6.9 ì -
8.6

t4.2
26

5.5 160
_33

53.1 300
4.17 7.4
s.47 lt9
8.36 389

tt.z 58
16.6 23t
6.5t rffi

10.0 7l
12.9 213

- 10,310
- 22,ffi
6.61 380
7.4
8.36 913
7.81 935

34s
807

25
32.2
4.5
87.6

ll0
25.s
4t.2
58
84

2to
2lo

28.7
51.6
70.6
30. l
42.0
85

49
ß
49
85

ls6

4l.s
93.7
92.t
80.8

120

56
u6
400

ß
80.7
80.1

100

0.76
3.0
4.6
4.7

13.9
37.2

6.5-8.5
7.0

13.9

8.1
l4
47
54

9.3
16.3
25.6

9.3
20.9
9.5

9.5
9.9

20
2t

9.6
t0

lo.7-12.7
13.9
32.5
39.5
13.9

32.5
13.9
65

l5
16.2

23.2
30.2

26-45
30.2

32.5

33-70
50

34.9
153.4

39.5
3t6
670

41.9
163

92.9'
Í2
260
t85-232
650-700
'4ó.5

1500
837
892

8.6
20
l3l
332
610
591

120-160
620
600

280
235
210
v+5

390
40
435

666
1063

200
245
220
s00
250
l¿f0

l8-38
743
5ll
638
2t2
274

t77
tß
74

510

414
545

260-450
t255
379

2û-st0
360

98.6
96t.7

2832
1687

383
4s4

1057

481
524

900
3155
7500
28t2
3672

250
76

293

2M
475

ta
t2t

97.7 67
216.5 68.6

203
70
7t.6

183
2W
20t
t97

135

233
,r:

223
270
356
3ll

36
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(b) LABORATORY STUDIES

Ref-
efence

depth

d
cm

width

b
cm

shea¡
velocity

u¿

cm.s-r

mean
velocity

U
cm,s-'

dispersion
coefficient

Dx D*/au' D*/Rul
m2s-1 x ld

1

6
7

8

rough sides
rough bed
rough bed
rough bed

2.t-4.7
1.0-7.0
3.8-15

13

2043
58.4
61

59.7

t2-42
0.9-4.0
1.0-8.3
5-610

L50-390
tl-42
tç60
t4-287

190-@

9.6-200

2.0-3.9 25-48
2.0-10.0 16-50
1.8-4.0 t2-43
3.0-16 30s1

I Fischer (1973)
2 McQuivey & Keefer (1974)

3 Harris (pers. comm.)
4 Rutherford (1979)

5 Rutherford et al. (1980)

6 Valentine (1978)
7 Et-Hadi & Davar (1976)
I Miller & Richardson (1974)

9 McQuivey & Keefer (1976)

10 Ward (t976)

fairly smooth, from equation 4.2 and Table 4'l

For more detailed analysis, however, knowledge of how concentrations change with time

below an unsteadv pãì-nt'roú*ã -uv Le requireã. These can be predicted by superposing,

solutions derived from equations 4'3'
This is straightforwuiå, if somewhat tedious, to do manually. See Section 4'5 for a

worked examPle.

4.5 lVorked examPles

Consider the same channel as in Section 2'6'

Example 4.5,1 Select a likely value of Dt'
No channel in Table 4.2 matchet .*uõtly the deplh, width and shear velocity of the

channel in this proUlem, Uuittte Concite nivór anA UuOOV Creek, are similar' Thus D¡could

ilñ;;t"Jìó?"ff in l-ú"t"nge 275-620 m2.s-'. Assume an average value of 500 m2's-''

Example 4.5.2 Estimate the length of the advective zone for point sources located

(a) in mid-stream, and
(b) nea¡ either bank

Assuming the channel is non-uniform and

(z) L = t-4 -tu. = 3.8 - 15.3 km
Ru*

(b)¿ = S-tS b'U = 19 -58 km
Ru*

Assuming the channel is uniform and smooth, from equation 4'2 and Table 4'l

(a)L = 0'5 - l'l b'U, = l'g'4'21*'î
Rut

(b)z = l.o-2.5 tu, = 3.8-9.6km
Rut
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Example 4.5.3 Given ,IU = I kg, calculate the distance below the outfall where the peak
concentration drops below

(a) 0.1 g.m-3 and
(b) l0 mg.m-3

(a) From equation 4.8
C=CA _&=0.50WU

From Fig. 4.4 the t = 0.50 contour reaches ¡+ : 0.63
Thus from equation 4.9 x = 915 m
NOTE: this is well within the advective zone calculated above and may be inaccurate.
(b) C* = 0.05 x+ = 28 x = 14 km

Example 4.5.4 Given W : I kg and x = l0 km, calculate when the concentration
(a) f,rrst reaches l0 mg.m-3 and
(b) drops below l0 mg.m-3

From equation 4.8 C! = 0.05
From equation 4.9 xt : 20
(a) From Fig.4.4a f - /* : 3.8

Thus f* = 20 - 3.8 f = 8100 s : 2.25 hours
(b) From Fig. 4.4b t+ -.r,È 

: 4.7
Thus /* = 20 + 4.7 t = l2,3SOs = 3.43 hours

Check by substituting in equation 4.3:
Forf :8100s C: ll.2mg.m-'.
Forf =12,350s C:9.1 mg.m-3.
Both are close to l0 mg.m-3.

Example 4.5.5 Givgn the discharge pattern shown in Fig. 4.5 determine
(a) the peak concentration and
(b) the total time during which concentration exceeds l0 mg.m-3

at a site l0 km below the outfall.
Approximate the discharge pattern by four instantaneous point discharges of l, 0.5, 0.5 andI kg at 3Vz,4Vz, 5Vz and 6% hours respectively
Then equation 4.3 ca1b9 used to compute the concentration profile at x : l0 km for each
instantaneous point discharge separatély giving:

t
3%
4%
5%
6Yz
7Y2

8%
9Y2

lOVz
tt%
l2Vz
13Vz
t4%
l5Vz

Thus (a) = 20 mg.m-3
(b) = 4V, hours

lst slug 2nd slug 3rd slug
0.00 0.00 0.000.07 0.00 0.008.63 0.04 0.00tt.79 4.31 0.04s.37 5.89 4.311.59 2.68 5.890.38 0.79 2.680.08 0.19 0.790.02 0.04 0.190.00 0.01 0.040.00 0.00 0.ol0.00 0.00 0.000.00 0.00 0.00

4th slug

0.00
0.00
0.00
0.00
0.07
8.63

tt.79
5.37
1.59
0.38
0.08
0.02
0.00

total
0.00
0.07
8.67

16.t4
t5.&
18.79
15.&
6.43
1.84
0.43
0.09
0.02
0.00

38



lf

1.0

I c-
E
dì
-v,

(U

t 0-s
(u
gì
t-
rcE
IJ
.ûa

0

Time (hoursl

Figure 4.5 Variations of discharge rate with time, example 4.5.5.
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5.0 FIELD MEASUREMENTS OF MIXING

5.1 Introduction
If after using the methods described earlier it is considered necessary to undertake a more

detailed investigation of a particular mixing problem, then field measurements will be
required.

Mixing rates can be measured in three ways:
1. by observing how tracers, either naturally occurring or especially injected, spread

out below an outfall;
2. by observing how several surface or submerged drogues spread out;
3. by measuring the velocity distribution and turbulent diffusion rates and inferring

dispersion rates.

Methods I and 3 are the most popular methods in rivers. Method 2 is used extensively in
estua¡ine and marine studies but is not discussed here.

Two approaches to field studies may be adopted:
1. to measure directly the parameters of interest (e.g., the distance below the outfall

where complete mixing is attained);
2. to measu¡e velocities and dispersion coefficients in one part of the river and then to

extrapolate (using a mathematical model) to other parts of the river.
The second approach is often preferred because it usually requires less field work and the

results can be applied to several problems.

5.2 Channel parameters

Channel parameters such as mean depth, average width, hydraulic radius and bed slope
are required for estimating mixing rates and are assumed known from survey data.

5.3 Mean velocity
In investigations of vertical, transverse or longitudinal mixing, estimates of mean velocity,

U, are employed.
Point estimates of Ucan be obtained from gauging data and in a fairly uniform artifîcial

channel, such as a canal, the average from gaugings at several points may be adequate.
In a non-uniform channel mean velocity may be estimated by injecting a slug of tracer and

measuring cross-sectional average tracer concentration versus time profiles at several sites.
The mean velocity is

X¡ - Xt
(J = -.:--:tz - tt (5. 1)

.a

where U = rneârr velocity between sites I and2, Xl, x2 : locations, and /1, f2, : times when
the centroids of the tracer profiles occur at sites I and2 respectively. Some way below the
point of injection of tracer, /1 and /2 are closely approximated by the times when the peak
concentration occurs (Rutherford et al. 1980).

Mean velocity may also be estimated from the time taken for concentration to reach a
steady plateau after starting a steady tracer injection.

5.4 VertÍcal and transverse mixing
5.4.1 Field techniques Vertical and transverse dispersion coefficients, D, and Da, can be

estimated by injecting tracer at a steady rate from a point source (e.g., located at the
proposed outfall) and measuring concentrations over a vertical plane orthogonal to the main
flow at one or more fixed locations downstream (see Fig. 5.1).

A steady discharge is to be preferréd to an instantaneous one because:
l. longitudinal concentration gradients are small, and longitudinal dispersion can be

neglected;
2. a lurly long time interval is available to collect samples over each vertical plane.

Because of large eddies the tracer plume may move bodily around the vertical plane during

N
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the course of sampling. This has been corrected in past studies by collecting groups of
samples simultaneously using a multiple sampling device and plotting concentrations on a
-y-e co-ordinate system whose origin is the centroid of each group of samples.

sou rce >L

sompling plone

Figurr 5.1 Measurements of vertical and transverse diqpersion coefflrcients.
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5.4.2 Analyticøl Techniques At each location lines of equal concentration ale drawn,
correcting where necessary for bodily movement of the centre of the plume. The rate at
which tracer passes the sampling plane (the mass flux) is estimated and compared with the
known injection rate to check for inaccuracies in measurement and interpolation. The flux is

e : UCA 6.2)
where 4 = mass flux in g.s-', C : âv€tÍtg€ concentration determined over an area A
orthogonal to the flow.

5.4.3 Outfall distant from any boundary If tracer does not impinge on any boundary (as
sketched in Fig. 5.1) then the lengths of_the Tljg axis, A¿, and the minor axis, Ar, are
measured for the concentration contour C = Ct. Then

2

D"=
4x
U

(s.3)

Equation 5.3 must be solved for Drby successive substitutions. Then

t

{

A

(s.4)

If the sampling sites are located far enough below the outfall for tracer to become
vertically mixed, but close enough so that tracer does not impinge on either bank, then
transverse dispersion coefficients can be estimated from

(5.5)

where q : peak concentration measured at a distance x below the outfall. If in addition to
Cp, concêntration C is measured at transverse location z, then

Dy = Dr\+)'

D,=(z-zof #ø

o-=( q \' uYz \zudcp I hx
but equation 5.6 remains the same.

o,=(tr)'#

where tb = transverse location of the outfall. It may be possible to use equation 5.6 for
several values of C and z and deduce an average value of D.. Also equation 5.6 does not
require knowledge of the mass inflow rate, q.

5.4.4 Outfall close to o boundary If tracer impinges on any boundary then equations
5.3 to 5.6 must be modified to take account of reflection which may occur. In practice the
most common situation is an outfall located on either the bed or bank, and only this
problem is considered here.

For an outfall on the river bed (far distant from either bank), equation 5.3 becomes

Dz=
(5.7)

2A

(5.6)

4x
U

and equation 5.4 remains the same. As before, equation 5.7 must be solved iteratively and (I
must be known.

For an outfall on either bank, assumirtg complete vertical mixing, equation 5.5 becomes
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5.4.5 Use of aeriøl photography This is a convenient way to study transverse mixing in

rivers. It is necessary to ensure that:
i- 

"n 
object whose dimensions are known appears in each frame so that distances can be

scaled accurately, ë.E., à bridge or building;
the tracer plume at the same time as photo-
s can be converted to concentrations. Ifsuch

of Drcanbe made by assuming that the-

ographs corresponds to some value of
As shown in examPle 5.4, the value of

ffected by the choice of the ratio C/Cp.

5.5 Longitudinal Mixing
5.5.1 Field techniques An accurate method of measuring longitudinal dispersion

coefircients in a river ii to inject instantaneously a known amount of tracer and to measure

cross sectional average concentration versus time profiles at several downstream sites. The

following points strould be noted concerning experimental design.

t. In itrè ,,advective zone" concentration profiles are likely to be highly skewed and Dt
will not be constant.

2. Ùnless dispersion in the "advective zoÍte" is particularly important tþen all measuring

sites shoulã be located below the "advective zone". Equation 4.2 and Table 4. I can be

used to estimate its length.
3. At least two and ideally five measuring sites should be used, spaced at20-50 times the

width of the channel aPart.
4. For an accurate estimãte of the dispersion coefficient, sufficient tracer should be

inJected to give a peak concentration ãt the most downstream site of about 15-20 times

the minimum detectable concentration. Thus

w > rs-zoc^A {@T
where Cm : minimum detectable concentration, D* : estimate of the dispersion

coefficieni (made from Table 4.2) and,x : distance of the most downstream site below

the outfall.
5. The mean velocity, (J, is the time of passage of the centroid of the tracer profiles which

can be estimated fâiriy accurately by the time of passage of the peak.

6. Cross sectional aueragitrg should be weighted by flow so as to preserve mass discha¡ges- 
p"r, the section. Sampting can therefore be concentrated in the main stream.

S.Sj Analytical techniquel The dispersion coefficient can be estimated very roughly

from

, 
(5.9)

(5.10)

(5. r 1)

(5. 12)

tll)\z I
D* =\4) 4^h

where Cn : concentration observed at time to.

ÅTäitË.t ttt" piom. observed at one site íhould be routed downstream to another site

using the so callèd "frozen cloud" model (Fischer 1973)'

? C(rr;r)- 
"*p 

-(x?-xt -U'(t-r))2 Udtc(x2,t) =_J ñ,Qr-tr) 4D,(tz-tt)

If necessary U and D, canbe adjusted to obtain a satisfactory fit between the predicted and

observed concentratÎon profiles at the dounstream site (see worked example 5.6.5).

Appendix 2 contains a mini-computer program for doing this'-i.S.l gy of velocity meøsurements D* can be estimated if the velocity distribution

across the channel is known (e.g., from gauging data) using (Fischer 1973)

7ú
D* = o.3o 4R"-

where u, : avetage over the cross-section of the square of u' : u - u

where [/ = cross-section mean velocity and ¿¿ = velocity at any point in the cross section.
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depth overqge conc, g.m-3

{

x=10m

0.01

0.25
0.50
1. 50
20

Figure 5.2 Observed concentration contours, examples 5.6.2 and 5.6.3.
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5.6 lVorked ExamPles

Emmpte 5.6.1 Given that sites B and F in Fig.4.l were located 6'05 and 22'TSkmbelow

ttre injection point, estimate the mean velocity'

From Fig' 4'1 tt : 2 hours tz = t hours

From equation 5.1

u = (xz-x¡)/(t2-t)

= 
[1?¿'fr3:0)/7 

x36û

Exampte 5.6.2 Given the concentrations shown in Fig' 5'2 measured in a vertical plane a

ãi;h;, = 10 m below a sready point source of tracer.

Take U : 1.0 m.s-l derived from another experiment'

(a) check that the mass flux approximates the I g.s-' discharged'

(U) gstimate values of D, and D*
(a) The average concentration measured = 0'31 g'm-3

The ¿uea covered = 3'2m2
Thus flux Q : 0.31 x3'2xl = I g's-'

(b) Major u<isA¿ = 1.!-m
Minor axis Ar: 0.75 m
First guess D,: lo0 cm2' s-'
nto*-.q.tutiôn 5.3 lst iteration D": I cm-'' s-.'

2nd 58 cm'z' s-'
3rd

Thus D¿ : 57 cm?s-' 
Otn

From equation 5.4

57 cm? s-'
57 cm'?. s-'

¡.4 '2
Dy = D" \t) = 26 cm2 's-l

Exømple 5.6.3 Use the depth avefage concentrations from Fig' 5'2 and estimate the value

of D,
(a) Given Q: I B's-" d = 2mandU: 1m's-'

iU) Ciu.n onlY that L/ : 1 m's-'
(a) Cp: 0'82 g'm-'

Thus from equation 5'5

- I s -\' U 
=3ocm2.l1Dt =\udcel Tn* - Jvv¡¡¡ 'ù

(b)C:0.01 atz-h:lm
From equation 5.6

^ - r--. r, U 
=57cm2.1uz ' \' 'o, 4xln(CplC)

C = 0.14 aI z - zo = ó.6 - -, D, = 51 crn2.fl
and

Example 5.6.4 A tracer plume. originating from a bank outfall is 25 m wide 1500 m

downitream. U - 0.5 m.s-'' Estimate D.'

From equation 5.6
assuming Cp/C = 100

50
20

Example 5.6.5 Use computer program ROUTE (see Appendix 2) to evaluate u and Dv

ão[;h; ãye test ¿ata coliectedin the Manawatu River liste< below'

then D 110 cm? s-'
130 cm2. s-'
170 cm2. s-'
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VELOCITY ESTIMAÎES
site A TO si¿e B

slge A slte B

site B site D

AVEBAGE

lIIIES OF PEAK CONC
slbe A -1 HR

slùe B 1 .38333 HR L7 .9\27 HG/M^S
sl¿e D 3.5ô333 34.r¡?07

1 .13207 KM/ Hi
1 .39636
1.68182
1 .40368 Kr{/HR

IIIlEGRALS OF CONC V lII{E PROFILES
slte B 51 .3216 ¡lC.HR/H^J
sise D 53.0549

DISPERSION COEFFICIENT ESlIMATES
slle A TO site B .49lOq5E-1 KM^2/HR

stieA siteD .080197
AYERÀGE .ó4ó5q?E-1 Ki{^2/HR

EITEn OUTP'UÎ STABT TrME ? 2.OO
FINISH ÎIME ? I'OO
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DEFAULT DIXEI{SIOIIg FOR SKETCH OF COI¡C V TIHE PNOFTLES
l lllll : 2 T llAX : I C HIX = 0 C MAX e 47.94?7

Oç

Ì 7.æ, toþL¡ y sú*a elþ
' .ìe.*at ,lút ,ruú

¿F¡

ETÎ€R IIET YALUE 10 CHAIICE O ON D <CN> REIAII{S CUNREilI VALUE
UELOCIÎT IIIS ? 0.¡¡8
DISPEBSToI| l{'zls ? 26

EilTEN OUlPUl SIARÌ TII{E ? 2.OO
F rr¡rsfl Îil{E ? 7 .00
IO. OF SIEPS ? 50

MEr[ vElocrrt rs 1.T28 KH/HR - t¡8 l'lls
DrspEasroil coEFFlcrEill rs .0936 KM^2/HR

EI{ÎER OUTPUT FILE IIAHE ?

oBSERVED PEAK 34.r!?O7 AT Tn{E 3.58333
RoUTED pEÂ( 33.8?84 Af TIHE 3.7

ts

ETÎE¡ C TO CHÀIIGE AIII OF ÎHESE 'tc
ETÎER I¡EH VALUES <CR> RElAIIIS DEFAULÎ VALUE
1 IIIN ?
T Írx ? 7.00
c ltllt ?
c HAI ? 40.00
llllll= 2 TtiAXc ? CilI[= 0 Çl{AX= 40
EtlEn C Í0 CHAilCE 

^lll 
OF ÎHESE ?.

ÀDYA¡CE PAPEß?

t/t



r.r¡ CntP¡l 2l\) Ui l.?28 Kil/HB .{ô ttlS D¡ .093ó f,Â-Atïn, 26 fl-elslltlE Y Co¡lc PnoFILES tT rlg. D O¡sgnVeo (.) ineo¡CrSo (r¡ coIdcIDE[t (r)

I

+X r+
++

+X

x

+

X+

+
+

x
U 9 o,4t .t^l-t
D* a a3t-'++

x

+
x

x

I+

x +
xx

I+ +
XT +

IIII + +
IIX.IX.II+XXr

6.5

No.D0 tou f¡tÎ To cü¡IcE u & D ? X



DO IOU {AIII A DATA SUI{}IÀRT ? N

EIITER OUlPUl FILE IIAIIE 7

Resd y

A*y ( ^ 
6hr,2 6t M*ú, a;t

þx t pefla*vw. ,

tt(,



6.0 ACKNOWLEDGEMENTS

T. F. W. HTIi!, University of Auckland and Dr A. G. Barnett,
Ministry of works and Development, for their advice aná
reparation of this handbook; professor I. R. wood, university

of Canterbury, made useful suggestions especially on the section describing the äechanisms
of dispersion and on the problem of outfalls near boundaries.

7.0 REFERENCES

Chatwin, P. C. 1972: Th solution dispersing in solvent
flowing through a tube. : 63-7.

Elder, J. W. 1959: The d fluid in turbulent shear flow. Journal of Fluid
Mechanics 5:544-60.

El-Hadi, N. D. A.; Davar, K. S. 1976: L-o1ci1y{inal dispersion for flow over rough beds.
Proceedings of the American society of civit Engineeis 102 (Hy4):43g-9g.

Fischer, H. B. 1973: 
^_!g1c!tu0¡nal dispersion and iurbulent mixing in open-channel flow.

Annual Review of Fluid Mechønics j: 59-7g.
Fischer, H. B. 19]6: Mixing and dispersion in estuaries. Annual Review of Ftuid

Mechanícs 8: 107-33.
Harris, T. F. W. pers. comm., University of Auckland.
Holley, E. R.; Abraham, G. 1973: Field tests on transverse mixing in rivers. proceedings

oÍ the American Society of Civil Engineers 99 (Hyt2):2313_31.
Holly, F. M. 1975: Two-dimensional mass dispersion in rivers. Hydraulics paper No. 7g,

Colorado State University.
Lau, Y. L.; Krishnappan, B. G. 1977: Transverse dispersion in rectangula¡ channels.
_ .Prgceedings of the American society of civil Engineeri 103 (HyIî)r rii¡-gg.
Liu, H. 1977: Predicting dispersion coefficients ofstreams. pìoceedínss of the American

Society of Civil Engineers 103 (EEI):59-69
McQuivey, R. S.; Keefer, T. N. 1974: Simple method for predicting dispersion in streams.
, -Plogeedin_ç :f !!, American Society of - 

rcO (EEe: gÞZ_tOtt.
McQuivey, R. S.; Keefer, T. N. 1976: Dis sippi Rivór below gaton Rouge.

Proceedings of the american society of cívi, lo2 @vlo): 1425-3fl.
Miller, A. C.; Richardson,E.Y. !974: Diffusion and disperiion iiop.n-.h*nel flow.
_ Proceedings of the 4ytericar-t society of civit Engineers ioo (nyÐ: tsg-lt.
Prych, E. A. 7970: _E_ffects of density differences on lateral mixing ií open channel flows.

Report No. KH-R-21, California Institute of Technology.
Rutherford, J. C. 1979: Investigations of mechanisms affecting BOD concentrations in the

Manawatu River near Palmerston North. Hamilton Science Centre, Internal iiport, No.
79/21.

Rutherford, J. C.; Tayìor M. E. U.; Davies J. D. 1980: Waikato River flushing rates.
_ Proceedings oÍ the american society of civil Engineers 106 (EEe: ll3l-50.
Sayre, W. W. 1968: Dispersion of mass in open-channel flow. Uyarouttcs paper No. 3 ,Colorado State University.
Shen, H. T. 1973: Environmental impact on rivers - River mechanics III. Colorado

State University.
Valentine, E. M. 1978: Effects of channel boundary roughness on longitudinal dispersion.

PhD Thesis, University of Canterbury.
Wa¡d, P. R. B. 1976: Measurements of estuary dispersion coefficients . proceedings of the

American Society of Civil Engineers 102 EE4): g11-lf..

54



t.O APPENDICES

t.l Summary of equaüons

Assuming dispersion obeys Fick's Law, then the conservation of mass equation can be

written (Fischer 1973)

(8.1)

where the co-ordinate directions for i = 1,2 and 3 correspond to x, .y and e, defined in Fig'
1.2. Equation 8.1 can be simplified in a river by assuming

It2: ,13 = O

and Ul:U
For a slug load of mass llz released at f

(Holly 1975; Shen 1973)

C(xy,z,t) = lU

C(x,y,z) = q

#.",# = il þ,#)

(8.2)
(8.3)

= 0, x:y =z=O into an unbounded channel

(8.4)

(8.5)

(8.6)

foryanddforbin

(8.7)

(8.8)

55

C(x,z) =
q

d

U

2Dx

c(*,ò = î

For a steady point discharge of mass q per unit time the superposition principle can be

"ppii.¿ 
tô equation 8.4. It is lound that tñe effects of longitudinal dispersion are negligible.

Thus (Holly 1975)

This equation was used to draw Fig. 2.2.

For an instantaneous vertical line-source (Holly 1975)

For an instantaneous transverse line source, simply exchange Z

equation 8.6.
For a steady vertical line-source (Shen 1973)

where Iç () = modified Bessel function of the second kind. Clearly for a steady transverse

line-souicè, simply exchange z fot y and d for ä in equation 8'7'-_Wt.n 
tongitúAl disperãion is ielatively unimportant (as frequently occurs in rivers),

equation 8.7 simplifies to (Shen 1973)



This equation was used to draw Fig. 2.1 and 3.1.
Boundaries affect the concentrations derived above. As a fî¡st approximation they behave

like pure reflectors and the principle of images can be used. Thus wtt"n ¿eAìng *iri a point
source located ! = a and, z : B from the centreline of a channel, then

C\xy,z,t) = (8.e)
n= -6 m= -6

where each term on the right hand side must be evaluated using either equation g.4 or g.5.
For an.instantaneous vertical line-source, complete vertical mixing is assumed and (Shen1973) æ

C(x,z,t) = ) C(x,mb-p + (-l)wz,t)
m =-æ

where the right hand side must be evaluated from equation g.6.
For a steady vertical line-source

C(x,z) =
m=-æ

(8.10)

(8.1 l)

where the right hand side is evaluated from equation 8.7. As before, equations g.10 and g.l l
can be easily adapted to the case of instantar eous and steady transvèrse line-sources.

t.2 ROUTE computer program
Listing of a mini-computer program which can be used to estimate the velocity and the

longitudinal dispersion coefficient from tracer concentration profiles measured ãt two sitesin a river.
Program documentation
Program name:
Programmer:

Døte:
Longuage:
Computer:
Compatible computers:
Format for input data:

Users notes:

ROUTE
J C. R'utherford
Hamilton Science Centre
Ministry of Works and Development
Private Bag
Hamilton
January, 1980
BASIS-PLUS
PDP ll/70 University of Waikato
Those supporting extended BASIC
Either

(i) free format entered interactively as directed by the program
or

(ii) from disc files created by previous runs of the program.
(i) The program prints messages on the terminar w'tricñtãu tne

See example 5.6.5, pAge 45-53
Appended
Appended

Input/output exomple:
Program listing:
Program flow chart:
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Flow Chart
Input outfall location XO

tínre of discharge, SO

Input location of slte I, xI
observed concentratlons t
CO (I) at tines, f0 (I)

Calculate peak concentratíon, RI
and ti¡ne of Peak' Sl

Input location of site 2, x2
observed concentratÍons,
C2 (I) at ti¡nes, T2 (I)

Calculate Peak concentration, R2

and ti¡ne of Peak' 52

Catculate mean velocitY U and
dispersion coefficient D

These are the first guesses.

fnput tine window within which predictions
wíII be made at site 2

predÍct concenÈrations CI(I) at tÍmes TI(I)
at site 2 fron CO(I) and l0(I)

using current guesses of U and D

Sketch observed and predicted concentrations
at site 2, (CI and C2) against time.

rn.l ,/ar ñ

Plint st¡únary
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RoUTE I 5:5 1

10 EXfEID
1l I

20-JuI-dt

I 0000ON ERROR GO TO20
25 1

JO
j5
¡¡o
50r

DEF FrlT(T) I CoNvERTS 1I¡.tE Ir{ HHMH TO itH.HH
T:T/ó0-2rIr{T(T / 1OO' / 3 \ FdT¡1
FIIEIID

112 Yf=0.5+(c?-c5).FZl/Cò
I 1¡l IF Yf<0i oR yl>F2¡ THEil yt:-tI
l'16 Ft¡Yt=Yf \ FNEi¡D
1 1'l
r 18
119
120 DIÉ rO(2201) ,.r1(2201) ,T2(220t),T3t(220r) ,T\r(?20L),¡{1 (20I) ,H2(20r,),dJ(20¡)r30 DIi{ c0(220i),c1(2zot),cz(z20r),c3t(zZot),cut(2?oL),¡¡t¿aòij,s¡<too¡¡
1l¡0 !

100 DEF Flt¡(¡(T?) ! pART OF CßÂpi{¡cs
102 Xf:0.5+(TZ-T5)rFrtlTd
l0u IF Xl<0¡ oR X¡)Frf THEIt Xl=-tf
106 FNXf=Xf \ Ft{EilD
I C7 !

I 1O DEF FIIY¡(C7) ! PÀHT OF GRAPHICS

l5o

1O'I9 ! EI.¡SURE DISTANCE INCREASES DO,¡NSTREAI,Il08o IF X0)X2 IilEtl X0:J0s-¡¡ \ Xt=500-Xl \ X2=500-X2
IO81 PRINl
IO34 ! PRINT SUMi'IARY

RoUTE FRoM U/S SIÎE Tù D/S I{ITH SPECIF¡ED VALUES oF U e D

SPECIFY TIME I{INDOI{S

t)

1000 PnC:0.2 \ c¡=',' \ N?¡:0f \ L0:.1 \ Ftf=to0I \ F2I=>oi \.lf:0I \ F2$=,.DAT,1001 !

lo02 !
1010 PRINI \ PRIl,tT'rtrr.¡r¡rrrrrrrr\pRItlT 'pflocRAj.tt{E RoulE,\pRIit,I,rrrrrrrr¡r.rrrr,\pRIilT1O2O PRINT \ INPUT 'DO YOU JAI{T A SYdOPSIS';A5 \ IF I¡:I1i iiË¡"C,-IS.I¿ OOOOlOJO PAIdT \ INPTJT 'EflTER LOCATIOI{ iJF OUTFALL, KH"XÙ \ INPUT 'SIlE TD,.Xù¡l03t IrlPrJI 'ENTER lIi1E OF DISCHARüE, HH,1i{,,S0 \ Sù:FilT(SO)
IOI¡O PflII{T \ INPUI 'ENlER LOCATION ùF U/S Srr¡. rø"X1 \ INPiJI 'Eil,TER SI'fÉ ID,

IO6O PRII{T \ INPUl 'EìIlER LOCATIOì{ OF D/S SITE, KHI,X2 \ IIIPUT ,ENT¡,R SIfr: ID,,X2$1065 PIIINT IENTER lIi,IE V CONCENTRATION PROFILE' \ CUSd¡' lIO/Ol0?o tt2:0 \ FOR If=1f T0 NZ¡ \ IF C2(If)>R2 IHE¡t R2:C2(IÍ) i S2=TZ(I¡)
I O'/5 NEXT If

1045 PRIilT IEI{TÉR fITIE V CONCENIRÀTIÙi{ PROFILÉ ' \ ÛOSUd I IO/O
,xt$

rusu tt0¡:Nzf\R1=0\FoR If=t To N0j\r0(If)=T2(l¡)\cO(rf)=C2(I¡)\IF Cu(I¡)>fl1 THEN lìt:Cu(I¡)\sl:r0(If)I 055 NEXl I¡

1085 PRINI TTIMES OF PEAK CoNC' \ pRrNT x0¡.s0, H¡t' \ pRINI X1$.s1, HR,,R1' ¡{ù/t,t^s, \ piINT x2t,s¿,R21O9O I ESTIHATE VELOCIlY

'|r00 pRINT ,VELOCIIy ESIIMAlESr \ pRINI X06' TO ',X1¡.U1' KMlHR' \ pRINT X0$,xl$,u2 \ pntN.I xt$,x2$,u31105 PRIItT TAVEnAGEl',U' KMlHRl'UO' H/S'
I2OO ! ESlIMÂTE DISPERSIOI{ COEFFICIEIIl
1202 ¡t1=0 \ FoR rf:2 To r{of \ H1=¡{l+(c0(rf)+c0(If-1))r(To(rf)-fo (rL-1)t/z \ Nsxr ¡f12o\ H2=o \ FoR rl:2 ro N2I \ tiz=t12+(cZ(rt)+c2(rl_1))r(r2¿iii_iãiii-ttttz \ NExr u1206 PRlr¡1
1210 PRltlT 'IIJTEGRÂLS oF cONC V tIilE pRoFILES' \ pRINt Xlg.Hlr Hc.HR/M^J, \ pßIN.I XZ$,1{2
i:;ã i;iÍit'¡11/R1)^2/tt/Prl(s1-so) \ D2=(g2rs27¡zt^zii)pitíü-soÏ-i"ü=(oì*o¿)uã-{-oô=ói¡'loe-o:
1220 PRIt{T TDISPERSIoN CUEFFICIEI{1 ESfIHATES' \ pßIttl xogr To,,xl$,Dl I Ktl^2/HR' \ pSfl{T xo¡.x¿¡,02122i PRINl IAVERAGE ' ,,DI Kú^2/HR ' IDOI M^2/SI
r 230
12 35
121¡0
12\5
1250
1465 PRINT \ PRIIIT
I47O ItIPIJl 'E¡ITER OUlPUl START
1II8O IIJPUT ' FITISH
ltrgo rNPUT ' do. oF

IF PJg:' I TitEtt t5iO ELSE p3:VAL(pJ¡)
IF P5a: | | lHElt 15lO ELSE p5:VAL(p5g)
\ IF P6f:01 THEN póf:200t

TIH€I .P3$ \
TI¡IEI,P55 \
STEPSI, Póf1500 P¡¡=(P5-PJ)/.P6f \ GO 10 1550

1510 INPUT I TIHE STEe',pr \ IF p¡¡=0 THE¡ p¡¡:TO(2f)_TO( tf)152O P3=T0(lf)+P4rINT((p9+SQR(3rpZ))/pt!) \ CO To r54O1530 IIIPUT I ÎIHE STEp',p4 \ IF ps:o THEI{ p4=TO(A¡)_TO(t¡)
l5r¡0 P6l=2201
1550 PRINl 'IIEA¡¡ VELOC¡1T IS I,UI KÉ/HR',UOI H/S'15ó0 pRrt{T 'DrspERsroil coEFFrcrEt{T rs , rD, KH^2/8n r rDor H^2,/S,156r I
1562 ! SEGHENl I{HICH DOES lHE ROUTII{G
15ó3 I
1565 ,r¿:4rDr(x2_X,t )/U \ X9:X2_X1
157O FOR If:1f To xOf \ IF Co(If)<L0 THEN Co(Il¡):O
1 580 NEXT If
1590 Llf=of \ Qt=itf+ií \ R3:0
1600 FoR Lf=t,l To p6L+11
1610 R0=0 \ 55:P3+(Lf-tt)rp¡
1620 F0n Ht:21 TO ¡{0f
!q30 E0=(x9-ur(s5-(To(Hf)+To(Hf-1f)'t/z))^2/pz
r640 rF EO<r5 THEIr R0:n0+(co(Hr)+co(Hf-irir.(ro(n¡l-ro(Hf-r¡))¡EXp(-80)/2
l6:o NEXl Mf
1660 Ro=R0rU/SeR(pIrp2)

IF R0<L0 THEil IF Llf>of lHEr{ t73O ELSE 1d9O
L1l=L1L+11 \ T1(L1f)=s5 \ ct(L1f)=Ro
IF R0>R3 THEN S3:s5 \ R3:iO1720 t{ExT Lf

l73o ì{ I f =L 1,
1735 t

I7I¡O I OPTIOII TO STORE lHE ROTJTOD PROFILE17\5 I

1ó'lO PRIlll \ INPUT 'ENTER oUTpUT FILÈ NAHET,A$ \ IF Af:,,'r THEN 19ó01840 Â9=AO+F2g \ OPEN A$ FùÌ OUTpUT As FILE ¡¡¡
1890 IilPiJT IEI¡TER OU PUT FILE HEADER"HS1900 PiIIT rr¡f, H5;",TtME,CO¡¡Cn
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I

l91O FoR If=lI 1O lllf
ly¿o inr¡r r¡f. 11(rf).c¡.ct(rl) \ ¡lExr r¡
1930 CLOSE l¡ I
l9¡¡0 !
tô¡5 I pnrtr suilrlÀR! oF lHE LATEST Rourrllü
1950 I
1960 PRIIIÎ \ PRIIIT 'OBSERVÊD PEAK IR2' IÀ1 TIÍE I52

1970 PRIIIT IROUTED PEAK IR3.'41 lIIlE ISJ \ PRfNT

2000 I
ãóió i cn¡pnrc Routrt{E To sKglcH RoutED e oBSERYED PRoFTLES

2020 |
tiió T5=rt(tf) \ rF 12(1f)<r5 rHEt{ 15:12(1f)
ãisó iã=rri¡ii¡ \ rF 12(n2¡)>16 rHEtl 1ó=12(N2f)
ãrõo c5:o \ c6=Qt \ rF R1>c6 Ttlgil c6:Rl
2195 PRI[T IDEFAUL¡ OiTi¡S¡O¡S FOR SKETCH OF COI{C V 1IìIE PROFILESI

z2oo pRrNT,T,rr*. i¡Til;i-ilx =':16,rc Éril:r¡ci,tc ¡{Ax =r¡c6
221O IIIPUT IEIIlER C TO CHAIIGE AIIY OF lHESEI 'A$
22?O rF ÀSClr(Al)<>67f lHEr{ 2280
2225 PRINT 'El{ÎER nei-vruues <cR> RElArl¡s DEFAULT VALUET

àzlo npur 'T Hrtt',T?3 \ rF T?9>r ' THEN 15:vaL(T7¡)
,ãíó iirur 'r ÉAx',1ii \ rF r?t>" r¡lgtl 1ó=vAL(r7$)
ìitó iiiui 'c Hrß',cia \ rF crt>'t rrlErl c5=vAL(c7¡)
,ã'6ó iipur 'c MÀr, ,cia \ rF c?¡>" rHEr{ c6=vAL(c?3)
22TO GO 10 2200
2280 18:T6-T5 \ c8:c6-C5
2290 |

FORM PRINT POSI{S

23oo FoR If:1f 1o Nll
tiiõ iiitiil=r'rx¡trr(rr)) \ c3r(Il)=Fxrr(c1(rl))
2360 XEXÎ lf
2370 FoR lf=lf 1o Nzf
ããäó i,rttiil=¡ttx¡t12(rr)) \ crrt'(rr):FxYr(c2(rr))
2l¡30 ìlExl If
241¡0 I

SORT

2¡¡50 Al(If)=T3f(It)+2oofrc3f(If) FoR Il:lf To t¡1f
2u60 FoR If:11 To lllf-1f 1 ¡11:0f
2\7O FOR Jf:rf ro if-s1;P -11 \ rF Alf rHEl{ 2500 ELSE Alf:-1f
2480 rF Af(Jf)<Af(¡i'ì¡j rnetr P:Af(J1) \ A¡(Jf):Af(Jf+11) \ Af(Jl+11)=P \ À1f:0f
2q9O NEXT Jf
2500 tlExr rf
251oFoRIf=lfToÌ{1f\caf(If):Af(If)/2oof\13f(If)=lf(If)-c3f(¡,)¡200¡\NÉXIIf
iízó Af(rr)=Trtt(rf)+2o0frcr¡f(rf) Fon rf=1f 1o N2Í
za3o FoR rf=l t ro N2t'11 \ Alf:ol
áíio ts¡ ¡t:rf ro 1f srEP -1f \ rF Àlf lHEN 25?0 ELSE Alf:-1f
2550 iF Af(Jf)<AÍ( tirrTri THEi P=À¡(Jf) \ AÉ(Jf)=Af(Jf+11) \ At(Jl+1f):P \ A1t=01

2560 NEXÎ Jf
25'lO NEXT rf
2580 FoR Il:11 ro N2¡ \ cr¡¡(If)=Af(Il')/2ool \ Taf(If)=Al(If)-cuf(II)r200f \ NExr If

2590 I
PLOT PùINTS

0r M/st,rD:'Dr Kt1^2/HR rD0' M^2/sl
OBSERVEó (+) PREDIC'TED (X) COINCIDÉNT (T) I

sf)¡rcoNcl
ri.io¡ srer 10f \ PRrlll cHR$(l3f);'rAB(s¡)i

2685 FoR llt=Jf 1o 22o't
a6f,i rr c¡¡iriilijii rxeN 2725 ELiE rF rrr(r1r)<01 r¡tEN 2720

2695 rF ISf(r1f)>100¡ rHsN 2720
27oc r¡ ssirliiiliii=, ,rner s$(T3f(r1f))=,x' ELsE s$(T11(IlÉ))='r'
2120 NEXT Ilf
àrzs Jf:r1f \ FùR r1t=Kf ro 220¡
z730 rF c4fiiift<>rf rHEN 2?lo ELSE rF Tr¡(rlf)<o rHE¡¡ 2760

2745 rF Tr¡f (r1f )>1oof rHEII 2760
27tto ¡rssiriiiilt;i="rHailsg(r4f(r1f))='+'ELSEs$(r4f(I1f))='t'
2't6o NEXr rlf
277O Kf=I1Í \ PRINT \ IF lrLi/5>If/5f THEN 2dO0 ELSE C=C5+IltA8/F2í
2780 IF ÂBS(c)<ABS(CB)/10000 fHEN C=0

27gO PRINT LEFT(NUMl$(C) '5');28Oo PRINÎ TAB(SÍ):r i | ;
2810 pnr¡¡r rnsili+il*ril ¡sotlrl; uNLEss ss(Lr): ' I FoR Ll:0f ro Fll
2820 N EXl rt
ããió 'pñi¡r-õnnEtrlf);rAB(st)i \ PRrNr r-'3 FoR cf:of r9 l1r-iz-'- \ PRrtlr

2840 PRrNr rAB(:i¡;ii.úli ''¡ i i non Jr:01 ro F1f srEP 10f \ PRrNr

2850 t9¡ ¿¡,:01 1o Flt ST¡:P 10f
ããóõ T:r5+Jfrr8lFlf \ IF ABs(r)<ABS(18)/10000 rHEN 1=0

z87o snrr¡r tlÁisi*if)¡le¡t(luxl6(r).5¡); \ NExI Jf \ PRrNr

ããàó pRrNr rAB(5of);tHouRsr \ PRrNr \ PRrNT

2890 H1(41):U \ H2(Qf)=D
2900 I
2910 ! ALTER U E/OR D IF REQUIffED

2920 t
àg1ó rdPUT 'Do You ¡At{T To cHAllGE u & Dr '45
ásío PRrrtr \ rF AScrr(A$)<>89¡ THEN 5000

2945 CoSUB 12945
2950 co 10 I r¡?o

3000 I

ioro t pnr¡r A cRAND SUHHAR! rF REQUTRED

3020 I

íoõo pRrrtr \ rNPUT 'Do fou tlA¡¡T A DAIA SUHHARYT 'D$
5o1o rF ASCrr(Dl)<>89f rHEll 5220
5O2O INPUT 'ADVAIICE PAPERT 'D¡:oJo PRrNT 'PRoGRAMHE RoulÉ - sutlHARYr \ PRrNT 'xl3' 'x2s¡
;óíó iÈ ñ¿r=o¡ rxgll Pirlr \ c0 ro 5060
5o5o PErllT . 'x2$
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lgqq Pß¡ll1 . rI = r;.Ít o.'r - , ¡xe \ pRlxr , rtt¡¡1IlL. ¡,.pIEDICTED,¡5O7O IF il2f=of ¡HÊil pR¡¡T r óo ro fOio5080 P8ril¡ .,,oBsESVED'
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